In this study, we obtain surfaces at a constant distance from the edge of regression on a tubular surface indicated by M f , condition that M is denoted by a tubular surface in E 3 . Firstly, we show that M f is a tubular surface, for λ 1 = 0. Then, we calculate curvatures of M f and find some relationships between curvatures of surfaces M and M f . Finally, we research curvatures of center curve of M f , for some special cases.
Introduction
First of all, Tarakcı and Hacısalihoglu are the first ones to introduce surfaces at a constant distance from the edge of regression on a surface in E 3 in 2002 [1] . Actually, these surfaces were based on the study which is curve at a constant distance from the edge of regression on a curve proposed by Hans Vogler in 1963. They obtained surfaces at a constant distance from the edge of regression on a surface in E 3 taking a surface instead of a curve and calculated for these surfaces some properties and theorems known for parallel surfaces [2] . Later, conjugate tangent vectors and asymptotic directions for these surfaces are given in [3] . Euler theorem and Dupin indicatrix for these surfaces are given in [4] . In 2010, Saglam and Kalkan obtained the some theorems and properties for surfaces at a constant distance from edge of regression on a surface in E 3 1 Minkowski 3-space [5] . The same authors examined Euler theorem and Dupin indicatrix for these surfaces in E 3 1 [6] . Also the same authors studied conjugate tangent vectors and asymptotic directions for these surfaces in E 3 1 [7] . In 2014, Yurttançikmaz and Tarakcı investigated the relationship between focal surfaces and surfaces at a constant distance from the edge of regression on a surface [8] . Surface at a constant distance from the edge of regression on a surface of revolution in E 3 [9] and the image curves on surfaces at a constant distance from the edge of regression on a surface of revolution are given in [10] In relation to the concept of curvature, in recent times some authors studied Riemannian metric g and curvature tensor field R of Riemannian manfolds on tangent bundle [11, 12, 13] .
In differential geometry, tubular surfaces are one of the subjects that are studied extensively since tubular surfaces are among the surfaces which are easier to describe both analytically and kinematically. Recently, the studies on the tubular surfaces are given in [14, 15, 16, 17] . Generally, a tubular surface generated by constructing a tube around a circle is known as a torus. The purpose of this paper is to introduce, analyze and compare tubular surfaces and surfaces at a constant distance from the edge of regression on a tubular surface in E 3 . Let M be a tubular surface and M f be surface at these curvatures for some special cases and we show relationships between curvatures of the surfaces M and M f . Finally, we give the conditions of being geodesic curve, asymptotic curve and line of curvature of center curve of tubular surface. Now, we represent parameterization of surfaces at a constant distance from the edge of regression on M.
In this case, {φ u , φ v } is bases vector of T P M. Let N P be a unit normal vector at a point P and
where φ u and φ v are, respectively, partial derivatives of φ with respect to u and v.
If we take rd 1 = λ 1 , rd 2 = λ 2 , rd 3 = λ 3 , we get
Calculation of ψ u and ψ v gives us that
Here, φ uu ,φ uv , φ vu , N u , N v are calculated as like as [1] . If parameter curves are line of curvatures of M and let u and v be arc lenght of these line of curvatures, we have following equations.
From the eq. (1) and (2), we get
where, κ 1 , κ 2 are principal curvatures of the surface M. If we take
we can write
, since ψ u and ψ v are not linear independent, so M f is not regular surface. We will not consider this case [1] .
Definition 2. A tube of radius r of a set c is the set of points at a distance r from c. In particular, if c(s) is a regular space curve parameterized by arc length whose curvature does not vanish, then the normal vector N and binormal vector B are always perpendicular to c, and the circle cosθ N (s) + sinθ B (s) is perpendicular to c at c(s). So as the circle moves around c, it traces out a tube, provided the tube radius r is small enough so that the tube is not self-intersecting. We can parameterize this surface by
where θ ∈ [0, 2π). Here, c (s) is called the center curve and r is radius of tubular surface. [18] .
Thus, by using the equation (3), we can easily calculate very important geometrical quantities. Then, from the expressions
we obtain,
and principal curvatures,
Main results
We know that tubular surface M of radius r around a set c is the set of points at a distance r from c, such that c: I → E 3 , a regular unit speed space curve. Let P be a point on M and {T, N, B} be Frenet frame at P ∈ M. We have,
for P ∈ M. Thus, we can write
Hence, we have
Now, we represent parameterization of surface M f at a constant distance from the edge of regression on tubular surface. Let M be a tubular surface in E 3 and n P be a unit normal vector and T P M be tangent space at point P of surface M and { φ s | P , φ θ | P } be an orthogonal bases of T P M. Therefore, from the eq. (3) if we take partial derivative with respect to s and θ , we have
Furthermore, we define unit vectors X and Y as
and the unit normal vector n as
Thus, we get parameterization of surface M f at a constant distance from the edge of regression on tubular surface as follows:
Also, we write surface M f at a constant distance from the edge of regression on tubular surface M Proof. If the equation (9) is a tubular surface
A (1 − rκcosθ ) = 0, where 1 − rκcosθ = 0 since φ (s, θ ) is a regular tubular surface. For this reason λ 1 = 0. Then, if the value λ 1 = 0 is written instead of λ 1 in the equation (9), we have
By multiplying both sides of the eq. (10) with
, we have
By taking,
and
we get,
and if we admit as cosθ cosβ − sinθ sinβ = cos(θ + β ) = cosγ, (15) sinθ cosβ + cosθ sinβ = sin (θ + β ) = sinγ (16) and
we have
Hence, we obtain that M f is a new tubular surface. Conversely, if λ 1 = 0, we get easily the equation (18) again. Thus, the proof is completed.
Example 1.
We consider that where unit speed curve c(s) = (cos
s) and r = 1. According to this, surface at a constant distance from the edge of regression on φ (s, θ ) under the condition that λ 1 = 0 as follows:
Now, considering that under the condition that λ 1 = 0, we calculate I, II. fundamental forms and curvatures of surface at a constant distance from the edge of regression on a tubular surface in E 3 . From the equation (18), we know that ψ (s, γ) = c(s) + R (cosγN(s) + sinγB(s)) is parameterization of surface at a constant distance from the edge of regression on a tubular surface in E 3 . Here, by taking
where ψ s , ψ γ are basis vectors at a point f (P) of M f , we have
where n f is unit normal vector of surface at a constant distance from the edge of regression on tubular surface. Then, first fundamental form coefficients are obtained as follows:
In addition, second fundamental form coefficients are calculated as follows:
ψ sγ = RκsinγT + τψ γγ = ψ γs , c 2017 BISKA Bilisim Technology
Hence, Gauss curvature K f and mean curvature H f at an arbitrary point of the surface M f are found as
In this case, principal curvatures of M f are κ
Now, we investigate M f for λ 1 = 0. From the equation (3), we have
Curvatures of tubular surface are given by the eq. (4), (5), (6) and (7) . From these equations, we get,
From the equations (12), (13), (15), (17), (26), (30) and (31),
is used, we obtain
Similarly
and K f are written at the equation (27), we find
Then, we have also principal curvatures from the equations (12), (13), (15), (17), (28), (30) and (31)
and from the equations (17), (29) κ
Thus, we can express the following theorems. 
